A generalized hypercube Qd(S) (S s { 1,2, . , d}) has {0, l}d as vertex set and two vertices are joined whenever their mutual distance in Qd belongs to S. These graphs have been introduced in (Berrachedi and Mollard, 1996) where the notion mainly investigated there is graph embedding, especially, in the case where the host graph is a hypercube. A simple connected graph G is a (0,2)-graph if any two vertices have 0 or exactly two common neighbors as introduced in (Mulder, 1980) . We give first some results about the structure of generalized hypercubes, and then characterize those of which are (0,2)-graphs. Using similar construction as in generalized hypercubes, we exhibit a class of (0,2)-graphs which are not vertex transitive which contradicts again a conjecture of Mulder (1982) on the convexity of interval regular graphs.
Introduction
When solving practical problems in communication systems, we usually have to compare a given structure with a reference one. Such a comparison yields to the notion of graph embedding: the structures under comparison are represented by graphs, namely, the host and the guest graph. The quality of the embedding is then measured by several metrics such as expansion (the size of the host graph relative to the size of the guest graph), dilation (the maximum "enlargement" of an edge in the guest graph) and congestion (the maximum number of enlarged paths sharing an edge in the host graph). Processor utilization is measured by the expansion, while dilation and congestion give information about the communication delay. One of the main interests of hypercube multiprocessors is the simple symmetric structure of the hypercube which permits embedding of many regular structures with proximity
preserved. An example of such structures are binary trees [3] . Graphs under consideration are finite, simple, undirected, connected (when not mentioned) with no loops and no multiple edges. The vertex set of a graph G is denoted V(G) while its edge set is denoted E(G) ( or simply V and E when no confusion can arise). The distance function in G is denoted dc and the diameter of G (maximal distance between two vertices of G) is denoted diam(G). Two vertices x and y are said to be diametrical if dc(x,y) = diam(G). For each vertex x of G, let N,(x) (i = 1, . . . , diam(G)) denote the set of vertices y of G at distance i from x. For i = 1, we write N(x) instead of N,(x). Note that N(x) is the set of neighbors of x. A level decomposition of G from x is the partition of its vertex set into the sets N,(x) (i = 0,1,2, . . . ,diam(G)) where N,(x) = {x}. The set Ni(x) is called the ith level from x in G. The interval function 1, in a graph G is the mapping (u, v) for each pair of vertices (u, u) of G.
A d-dimensional hypercube Qd has (0, l}" as vertex set and two vertices are adjacent if and only if their representative vectors differ in exactly one component. A graph G is a (0,2)-graph if any two vertices have 0 or exactly two common neighbors. The parity of a vertex u of Qd is the binary sum of the components of its representative vector.
Generalized hypercubes
Definition 1. An embedding of a guest graph, G, into a host graph H is a mapping ffrom each vertex u in G to a unique vertexf(u) in H, and from each edge (u, a) in G to a path in H starting at vertexf(u) and ending at vertexf(v).
The expansion of the embeddingfis the ratio 1 V(G)l/l V(H)). Its dilation is defined by Wf) = max Mf(4,f(4).
ucsE(G)
Then an embeddingfof dilation dil(f) = 1 is only the usual isometric embedding of graphs (it preserves the adjacency): the images of two adjacent vertices in G are two adjacent vertices in H. In this case, we write G E H. If the dilation is y1 (n 3 0), we will write G E H. We Qz because it can be also defined as the graph of the dual polytope of the mdimensional hypercube polytope [4] . So, when m = 2'-', Qz is a generalized hypercube (see Fig. 1 ). Qd(S) is always a connected graph except when S = {d} or S does not contain odd numbers. Obviously, when S = { 1,2, . , d}, Qd(S) is the complete graph K2d.
In the following, according to the possible values of S, some results about the structure of generalized hypercubes are given. Lemma 3 (Dvorak et al. [2] ). Let d be an odd number and suppose that M, S1 and S2 are defined as in Lemma 2. Let S3 = S1 u(d). Then Qd(S3) is isomorphic to the Cartesian product K,uQd-1 (S,).
Lemma 4 (Dvorak et al. [2] ). Let d be an even number, S1 E (1, . . Proof. (i) As S1 contains only odd numbers then Qd(S1) is connected. Suppose d = 2k, then QI(S1) has degree 22k-'. Further, QZk(SI) is bipartite. If u is a vertex of QZk, then it is adjacent to all vertices of QIk(S1) having opposite parity. So the vertex set of Qzk(S1) is partitioned into two subsets of vertices having same parity in Qzk that is vertices of even parity on one hand and those of odd parity on the other hand. Each of these subsets contains 22k-' vertices, thus QZk(S1) is the complete bipartite graph K, P where p = 22k-'. Same arguments hold in the case d = 2k -1.
(ii) As S2 does not contain odd numbers, thus Qd(S2) is not connected. Its degree is 22k-' when d = 2k, and each vertex is joined to all the vertices of the same parity. Thus each subset of vertices of the same parity in QZk(S2) is a clique of order 22k-', and then QZk(S2) consists of two components each of which is isomorphic to the complete graph K, where p = 22k-1. When d = 2k + 1, same arguments hold. 0
Recall that the weight o(x) of a vertex x of Qd is equal to the number of non-zero components of the representative vector of x, i.e. the Hamming distance o(x) is also the distance in Qd from x to the vertex 0 having the null vector as representative vector.
It is known that if x is a vertex of Qd such that w(x) 2 4, the graph Qi',"] is a (0,2)-graph. Recall that Qd ['J] has the same vertex set as Qd and yz is an edge of 
Proposition 2. Let x be a vertex of Qd such that w(x) > 4. Then Q~"~X1 is isomorphic to

QwcdGW))
Qd-w(x). Proof. (i) By application of Lemma 4.
(ii) Qzk+ 1 ((2k) ) is not connected, its vertex set is V(QZkfl) and each vertex y is joined to the neighbors of its antipodal vertex in Q 2k+ i. Its degree is (2k + 1). Let us now define the mappingffrom V(Qd({l, d})) onto V(QJ{l, 2})) by and for each uu E E(Q&(l, d})),
where epCp+ 1j is the binary vector having all components equal to zero except the pth and the (p + 1)th components and ei is the binary vector having only the ith component not equal to zero.
It is clear that the mapping f is an embedding of Qd({ 1, d}) onto Qd((l, 2)). This embedding is not isometric because Q,({l,dj)
is not induced in Q,({1,2}).
In fact, if u E V(Qd ({ 1, d}) ) an d v and v' are two neighbors of u at distance 2 from each other in Qd ({ 1, d) ) such that v # v' # U, then v and v' are also at distance 2 in Qd (see Among all generalized hypercubes Qd(S) some are (0,2)-graphs. This is the case when S is one of the subsets {l}, {d}, {l,d}, {d -1, d}, {d -l} , (p -l),pJ is at distance p from U, that is dQ,(u,z) = p, again, every neighbor of i in Qd of the form z' = iq where q~{l, . . . ,(p -l),p + l} is at distance p from t', that is dQd(qz') = p.
In particular, the (p -1) vertices id where ie { 1,2, ,(p -1)) are at distance p from u and c in Qd, and hence are common neighbors of u and z' in QI((p)). As p 3 2.
there are at least 2 such vertices. Thus u and u have at least 3 common neighbors (0 and the id's) in Qd({ p}), which contradicts the property that Qd(S) is a (0,2)-graph.
Let us now show the sufficient condition. As Sn{2,3, . . ,d -2) = 0 and S + {l,d -1) then S is the one of the following subsets: (11, {d}, {dl), j1.d; or (d --1,dJ and Qd(S) is of course a (0,2)-graph as noticed before. 0
Note. The condition d 3 4 is necessary in the previous theorem. For instance, Q3 (S) is a (0,2)-graph except for S = (1,2,3), { 1,2) or (1.3).
A class of (0,2)-graphs which are not vertex transitive
When drawing an example of a (0,2)-graph, it seems to be natural that one tries to apply some elementary operations on the vertices and/or the edges of a given hypercube. This might be explained by the fact that almost all known (0,2)-graphs in the literature are vertex transitive, and one's hope is that it becomes true for all (0,2)-graphs. Unfortunately, this is not always the case as we shall see by exhibiting in the following a class of not vertex transitive (0,2)-graphs obtained from the hypercube. Let us first recall the definition of vertex transitivity. For instance, the hypercube is vertex transitive; thus, all of its vertices are of the same eccentricity. The comparison between level decompositions from any two vertices of a given graph G is another (hard) manner to verify its transitivity. Indeed, if for any vertex u of G, the level decomposition of G gives always the same (isomorphic) graph, then G is vertex transitive. Recall that the center of a given graph G consists of the subset of vertices of G of minimal eccentricity, whereas peripheral vertices are those of maximal eccentricity in G.
Consider now the d-dimensional hypercube. We know that Qd = Qd_2 Qz. Denote then Q,"t2, Q:!!,, Q,"!,, and Q:!, the 4 copies of Qdm2 induced, respectively, by the vertices of Qd represented by the vectors x00, ~10, zO1 and tll (these are the vertices of Qd having their two last components equal, respectively, to 00, 10, 01 and 11). In Qy_, (i = 0, l), join antipodal vertices. As in Qd the antipodal vertex of any vertex of Q:!! 2 belongs to Qil 2, join then each vertex of Qj! 2 to its antipodal in Qt? 2. Let G(QJ be the obtained graph. Note that the minimal eccentricity in G(QJ is Y(G(QJ) = r d/2 1 and that its diameter is diam(G(Q,)) = r(G(QI)) + 1. Further, any vertex u of Qi_ 2 (i = 0, 1) has eccentricity exe(u) = diam(G(Q,)) (these are peripheral vertices of G(Q,,)) and any vertex u of Qfeii-, (i #j) has eccentricity exe(u) = Y(G(Q~)). See G(Q4) for example ( Fig. 4.) . G(Q4) (Fig. 4) is not vertex transitive because vertices 0, 1, 3, 13, 24, 124, 234 and 1234 are peripheral vertices and, 2, 12,23, 123,4, 14,34 and 134 form the center of this graph. For instance, exe(0) = 3 and exe(4) = 2.
Proposition 5. For d # 5, G(Qd) is a (0,2)-graph which is not vertex transitive.
Proof . Q3({1, 3) ) is K4,4 -which is not a (0,2)-graph -is an induced subgraph of G(Q=J. Therefore, G(Q5) is not a (0,2)-graph.
Suppose now d # 5, and let us prove that G(Q d ) is a (0,2)-graph. If u and u belong to the same copy Qy_:'-, (i and j E (0, l}) then (N(u)nN(v)I = 2 or 1 N(u)nN(v)( = 0 because the induced subgraph Q;_ 2 is a (0,2)-graph. Else, u and u belong to two The graph G(Qd) has QY_, (i = 0,l) as induced subgraphs which are in fact the halfcube for odd d and Laborde-Mulder graph for d even [4] . It is known [7] that the halfcube graph is neither interval regular nor interval monotone whereas the Laborde-Mulder graph is interval monotone and interval regular. We prove in the following that for odd d, the graph G(Qd) is neither interval regular nor interval monotone, while, for even d, in spite of the fact that all the components Qk (GE (0, I>, are interval monotone and interval regular, G(QJ is interval regular but not interval monotone. This is given by the two following propositions contradicting Mulder's conjecture [7] originally disproved in [6] on the convexity of interval regular graphs: an interval regular graph is interval monotone. Proposition 6. For k 3 2, G(Qzr+ 1) is neither interval regular nor interval monotone.
Note. An xy-geodesic is a geodesic (shortest path) joining the vertices x and y.
To prove Proposition 6, the first need to prove the following two lemmas: Lemma 6. Let x and ye G(QZktl) such that x belongs to Q$_, (i #j = 0,l) and y belongs to Qi;',_ 1 (iE{O, l}). Then in G(Q 2k + 1) there always exist an xy-geodesic which does not contain any diagonal between Qx_ 1 and Q$_ 1.
Proof. Suppose that there exist a vertex x in Q$_ 1 and a vertex y in Q;,_ I such that any xy-geodesic uses a diagonal between Q';"_ I and Q$_ I in G(Qzk+ i) (see Fig. 5 ). Let xX be this diagonal (without loss of generality). Let C = [x,X, C', z, y] be the xy-geodesic. Consider then xii the homologous vertex of x in Q';i,_ 1 (i.e. the vertex associated to x by the edge of the matching between Q$_, and Qi2jke1), and xii the homologous one of X in Q';ik _ 1. As x and X are at distance (2k + 1) in Qzk + 1 as they are joined by a diagonal in G(Q 2k+ I), then their homologous vertices, in Qt,_ 1, xii and Xii are at distance (2k -1) in Q2k+l. Hence, xii and Xii are joined in G(Qzk+i) by a diagonal of Q& _ i. Finally, if z is the homologous vertex of y in Q$_ r, then the paths The proof of this proposition is the same as the one given by Berrachedi and Mollard in [ 11. In fact, this construction is a particular case of theirs, but has obvious geometric aspects: the partition of Qd into 4 Qde2 components and then adding different diagonals is described in more geometric manner in our construction. One can easily check that G(Q4) is interval regular but is not interval monotone as indicated by the intervals given below (Fig. 7) . 
